Abstract -We consider liquid in a cylindrical beaker and study the deformation of its surface under the influence of an impinging gas jet. Analyzing such a system not only is of fundamental theoretical interest, but also of industrial importance, e.g., in metallurgical applications. The solution of the full set of governing equations is computationally expensive. Therefore, to obtain initial insight into relevant regimes and timescales of the system, we first derive a reduced-order model (a thin-film equation) based on the long-wave assumption and on appropriate decoupling the gas problem from that for the liquid and taking into account a disjoining pressure. We also perform direct numerical simulations (DNS) of the full governing equations using two different approaches, the Computational Fluid Dynamics (CFD) package in COMSOL and the volume-of-fluid Gerris package. The DNS are used to validate the results for the thinfilm equation and also to investigate the regimes that are beyond the range of validity of this equation. We additionally compare the computational results with experiments and find good agreement.
Introduction
The study of a gas jet impinging on a liquid surface is of great interest as it finds application in industries, such as the steel and chemical industries. The liquid surface deforms under the influence of an impinging gas jet and a cavity forms in the center. The interaction of a gas jet with a liquid surface has been investigated by several authors and various factors influencing the deformation of the liquid surface have been analyzed, e.g. the effects of the gas jet velocity [1] , the diameter of the gas jet nozzle, the distance from the nozzle to the undisturbed liquid surface [2] and the liquid properties [3] . In previous studies it was found out that the cavity may be stable or unstable, and different unstable regimes were identified, an oscillating cavity and splashing (e.g. [4] ), but such regimes have not been analyzed in detail.
In the previous analytical and computational work, the fluid flow in the liquid was either neglected or was not analyzed in detail. We present a study of the dynamics of eddies in the liquid that are generated under the influence of an impinging gas jet on a liquid surface. Such eddies result from the tangential drag of the gas on the liquid. This is of great importance for applications as eddies in the liquid region affect mixing and mass transfer. Since, the solution of the full set of governing equations is computationally expensive, we first develop a reduced-order model (a thin film equation) based on the longwave assumption and on decoupling the gas problem from that for the liquid. This is possible under suitable conditions, namely, when the liquid layer is thin and the typical liquid velocity is sufficiently smaller than that of the gas [5] . The thinfilm equation provides initial insight into the relevant flow regimes and timescales. To analyze a possible rupture of a liquid film and its dewetting, we also introduce the disjoining pressure into our model. We also perform DNS of the full governing equations using two different approaches, the CFD package in COMSOL and the volume-of-fluid Gerris package. The DNS are used to validate the results for the thin-film equation and also to investigate the regimes that are beyond the range of validity of this equation (e.g., when the liquid layer is thicker). The computational results are compared with experiments.
FFHMT 171-2
The rest of the paper is organized as follows: In Sect. 2, we state the problem, introduce the experimental setup and discuss the governing equations. In Sect. 3, we introduce the thin-film equation. The results are discussed in Sect. 4, and the conclusions are given in Sect. 5.
Problem statement and governing equations
We consider liquid in a cylindrical beaker and study the deformation of its surface under the influence of an impinging gas jet that is generated by maintaining a constant gas flow rate from a stationary cylindrical tube (nozzle) with its axis coinciding with the axis of the beaker, as show in Fig. 1(a) . We denote the radius of the beaker by and its height by . The thickness of the undisturbed liquid layer is denoted by ℎ 0 . The inner and outer radii of the nozzle are denoted by and 0 , respectively, and the distance between the nozzle and the undisturbed gas-liquid interface is denoted by ℎ 1 . We introduce cylindrical polar coordinates ( , , ) with the z-axis pointing upwards along the axis of the beaker in the direction opposite to gravity , and with the bottom of the beaker coinciding with the = 0 plane. The deformed gas-liquid interface is located at = ℎ( , , ). For simplicity, we will assume that the liquid and the gas are of the same constant temperature. Figure 1(b) shows the experimental set-up of the system. The gas from a gas tank flows through a cylindrical pipe and is supplied via a mass flow controller (MKS, PR4000B) which regulates the gas flow rate. As the gas jet strikes the liquid surface at the center, the liquid surface deforms which causes a cavity in the liquid. The interface evolution was measured using a high-speed camera (Photon Fastcam, M2.1) coupled with long distance lens (Infinity, KC) which is connected to a computer to store data. For the high-speed video recording, we provide illumination using a light source (Kern Dual Fiber Unit LED). The recording was done at 2000 frames per second (fps) and saved at 30 fps for analysis. These experiments were repeated 8 times to collect sufficient number of images for analysis.
As the typical velocity in the liquid will be small compared to the speed of sound in the liquid, it is appropriate to model the flow in the liquid by the incompressible Navier-Stokes equations. However, as the gas flow can be relatively fast (e.g. up to 100 m/s), the flow in the gas will be modelled by the compressible Navier-Stokes equations (with an additional equation of state -we use the ideal gas relation).
At the nozzle boundary and at the bottom of the beaker, we impose no-slip and no-penetration conditions. At the side wall of the beaker, we again assume no-penetration both for the liquid and for the gas. However, to resolve the stress singularity at the contact line, instead of imposing the no-slip condition, we impose the Navier slip condition both for the liquid and for the gas [6] . We also impose a fix contact angle at the contact line. At the gas inlet, we impose a fixed parabolic velocity profile, corresponding to the fully developed Poiseuille flow in the nozzle. At the gas outlet, we impose normal flow and prescribe normal stress. Finally, we have the dynamic balance of stress at the gas-liquid interface:
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Here, is the unit normal vector to the interface pointing into the liquid. = − + (∇ + ∇ ) is the stress tensor in the liquid with denoting the identity tensor, denoting the dynamic viscosity of the liquid and and denoting the pressure and the velocity in the liquid.
= − + (∇ + ∇ ) − 2 3 (∇ • ) is the stress tensor in the gas with denoting the dynamic viscosity of the gas and and denoting the pressure and the velocity in the gas. Also, γ is the gasliquid surface tension coefficient (which is assumed to be constant) and = ∇ • is the curvature of the interface.
Thin-film equation
Solving the full system of equations governing the problem of a gas jet impinging on a liquid surface is a computationally expensive task, and the aim here is to derive a reduced-order model which still captures the important physics of the problem. The first step is to decouple the problem for the gas from that for the liquid, which is appropriate when the typical velocity in the liquid is much smaller than that in the gas. Then, for the gas problem it is appropriate to neglect the motion of the liquid and to use the quasi-static assumption [5, 7, 8] . The solution for the gas problem can then be used to obtain the stress exerted by the gas onto the gas-liquid interface, = − • . For the liquid, we use the thin-film approximation, assuming that the film thickness h0 is small compared to the horizontal length scale l, and we introduce the so called thin-film parameter = ℎ 0 / . Assuming axial symmetry (i.e., no dependence on ), and using a systematic asymptotic expansion in the thin-film parameter we obtain the following thin-film equation at leading order
Here, the subscripts t and R denote partial derivatives with respect to these variables, = − ( − ℎ) + − ( ℎ ) / − Π(ℎ) is the leading-order pressure in the liquid with denoting the density of the liquid and denoting gravity. Π(ℎ) = − /ℎ 3 + /ℎ 6 is the disjoining pressure accounting for the wettability of the liquid, with and being constants determining short-range and long-range interactions [9] . The contact angle and the precursor film thickness are determined by and (see [9] ). Also, and are the normal and tangential (in the radial direction) components of .
Results
First, we consider water of thickness of 0.05 cm in a beaker of height 3.5 cm and diameter 3 cm. An air jet of 0.2 standard liters per minute (slpm) flows through a nozzle diameter of 0.16 cm and is fixed at the distance 0.5 cm away from the undisturbed gas-liquid interface. For the thin-film model, we first solve the gas-only problem by replacing the gas-liquid interface with a flat solid wall to obtain the normal and tangential stresses exerted by the gas, and . The resulting gas flow pattern is shown in Fig. 2(a) and the resulting normal and tangential stresses are shown in Fig. 2(b) . Using these stresses, we solve the thin-film equation in Matlab, and the resulting steady-state gas-liquid interface and a recirculation region in the liquid are shown in Fig. 2(c) . For the gas flow rate of 1 slpm, the water ruptures in the center and dewets until reaching a steady state, see Fig. 3(a) for the evolution of the solution of the thin-film equation and Fig. 3(b) for the COMSOL steadystate solution. We also analyze the flow patterns in the liquid as the liquid thickness increases. When the water film is sufficiently thin, only one eddy is generated in the film, see Fig. 2(c) . However, the number of eddies increases as the water thickness increases, see Fig. 4(a) showing the flow pattern in the water of thickness 0.5 cm when the gas flow rate is 1 slpm. Figure 4 (b) additionally compares the interface shapes obtained using the thin-film model, COMSOL, Gerris and experiment. The DNS results are in very good agreement with the experimental data and the thin-film equation also agrees well with the experiment (even though the water thickness is relatively thick). Figure 4(c) shows the evolution of the minimum point of the interface over time (in COMSOL), and we can observe that the steady state is reached via decaying oscillations. The accuracy of the results has been systematically tested via mesh refinements. 
Conclusion
We analyzed the deformation of a liquid surface and the resulting flow patterns under the action of a gas jet. We used both a reduced-order model and DNS for the full equations and compared the numerical results with experiments. For a thin film and at a relatively low gas flow rate, flow in the liquid evolves into a steady state with one recirculation region and with the interface having a cavity in the centre. At a larger gas flow rate, the liquid film ruptures in the center and dewets until reaching a steady state. For a thicker liquid layer, the flow in the liquid again evolves into a steady state at sufficiently small gas velocities. However, the number of the recirculation regions in the liquid increases as the liquid thickness increases. The study of flow patterns in the liquid is important for applications as it affects e.g. mass transfer.
